Abstract. In this paper the biharmonic hypersurfaces of Lorentzian para-Sasakian manifolds are studied. We firstly find the biharmonic equation for a hypersurface which admits the characteristic vector field of the Lorentzian para-Sasakian as the normal vector field. We show that a biharmonic spacelike hypersurface of a Lorentzian para-Sasakian manifold with constant mean curvature is minimal. The biharmonicity condition for a hypersurface of a Lorentzian para-Sasakian manifold is investigated when the characteristic vector field belongs to the tangent hyperplane of the hypersurface. We find some necessary and sufficient conditions for a timelike hypersurface of a Lorentzian para-Sasakian manifold to be proper biharmonic. The nonexistence of proper biharmonic timelike hypersurfaces with constant mean curvature in a Ricci flat Lorentzian para-Sasakian manifold is proved.
Introduction A smooth map Ψ : (M, g) → (N, h) between two Riemannian manifolds is called harmonic if it is a critical point of the energy functional
and characterized by the vanishing of the tension field τ (Ψ) = trace ∇dΨ, where C ∞ (M, N ) denotes the space of smooth maps, ∇ is a connection induced from the Levi-Civita connection ∇ M of M and the pull-back connection ∇ Ψ . As a natural extension of harmonic maps, biharmonic maps between Riemannian manifolds were introduced by Eells and Sampson in [14] . Biharmonic maps are the critical points of the bienergy functional
Jiang [20, 21] [X,Y ] is the curvature operator on N . From the expression of the bitension field τ 2 , it is clear that a harmonic map is automatically a biharmonic map. So non-harmonic biharmonic maps which are called proper biharmonic maps are more interesting.
Biharmonic submanifolds are special cases of biharmonic maps. In general, if the inclusion map i : (M, i * h) → (N, h) is a biharmonic isometric immersion then the submanifold M of (N, h) is said to be a biharmonic submanifold. By a different point of view, Chen [9] defined biharmonic submanifolds M ⊂ E n of the Euclidean space as those with harmonic mean curvature vector field, that is ∆H = 0, where ∆ is the rough Laplacian, and proposed to classify all biharmonic submanifolds. If the definition of biharmonic maps is applied to Riemannian immersions into Euclidean space, the notion of Chen's biharmonic submanifold is obtained, so the two definitions agree.
Concerning the proper biharmonic map, there are several non-existence results for non-positive sectional curvature codomains [39] . These nonexistence theorems and the generalized Chen's conjecture: Biharmonic submanifolds of a manifold N with Riem N ≤ 0 are minimal, encouraged the study of proper biharmonic submanifolds in non-negatively curved spaces, especially in spheres (see [6, 7, 15, 18, 28, 30] ).
Despite non-existence of proper biharmonic submanifolds in Euclidean spaces ( [20] , [10] , [9] , [17] , [13] ), Chen and Ishikawa in [10] gave many examples of proper biharmonic spacelike surfaces with constant mean curvature in the pseudo-Euclidean spaces E 4 t , (t = 1, 2) (see also [19] ). But biharmonicity may still imply minimality in some specific cases of semi-Euclidean spaces. For example, the authors in [10] proved that any biharmonic surface in E 3 t , (t = 1, 2), is also minimal. In [12] it is shown that a nondegenerate biharmonic hypersurface of 4-dimensional pseudo-Euclidean space with diagonalizable shape operator must be minimal.
Biharmonic submanifolds in the 3-sphere S 3 are classified by Caddeo, Montaldo and Oniciuc [6] . The authors in [4] studied biharmonic submanifolds of the Euclidean sphere that satisfy certain geometric properties. It is shown in [5] that a constant mean curvature surface is properbiharmonic in the unit Euclidean sphere S 4 if and only if it is minimal in a hypersphere S 3 (
). A full classification of proper biharmonic hypersurfaces in 4-dimensional space forms was obtained in [8] . In [31] , the author studied the biharmonic hypersurfaces in a generic Riemannian manifold and showed that Chen's conjecture is true for totally umbilical hypersurfaces in an Einstein space. Also, for conformal biharmonic submanifolds see [32] .
In contact geometry, there is a well known analog of real space form, namely a Sasakian space form. In particular, a simply connected threedimensional Sasakian space form of constant holomorphic sectional curvature 1 is isometric to S 3 . So this motivated the authors to study biharmonic submanifolds in Sasakian space forms ( [18] , [16] , [34] , [1] , [2] ).
Pseudo-Riemannian spaces especially the constant curvature ones, namely de Sitter, Minkowski, anti de Sitter space, play important roles in the general relativity. Ouyang [33] and Sun [36] studied the spacelike biharmonic submanifolds in the pseudo-Riemannian spaces. In [40] Zhang constructed examples of proper biharmonic hypersurfaces in the anti de Sitter space.
The study of Lorentzian almost paracontact manifolds was initiated by Matsumoto in 1989 [24] . Also he introduced the notion of Lorentzian paraSasakian (for short LP-Sasakian) manifold. Mihai and Roşca [26] defined the same notion independently and thereafter many authors [25, 27, 37, 38] studied Lorentzian para-Sasakian manifolds and their submanifolds. Especially, in [22] the authors studied biharmonic curves in LP-Sasakian manifolds and investigated proper biharmonic curves in the Lorentzian sphere S 1 4 .
In the present paper we study the biharmonic timelike and spacelike hypersurfaces of Lorentzian para-Sasakian manifolds. The first section is devoted to preliminaries. In section 2, we find the biharmonic equation for a hypersurface which admits the characteristic vector field of the Lorentzian para-Sasakian as the normal vector field. We show that a biharmonic spacelike hypersurface of a Lorentzian para-Sasakian manifold with constant mean curvature is minimal. In section 3, the biharmonicity condition for a hypersurface of a Lorentzian para-Sasakian manifold is investigated when the characteristic vector field belongs to the tangent hyperplane of the hypersurface. We find some necessary and sufficient conditions for a timelike hypersurface of a Lorentzian para-Sasakian manifold to be proper biharmonic. The nonexistence of proper biharmonic timelike hypersurfaces with constant mean curvature in a Ricci flat Lorentzian para-Sasakian manifold is proved.
Preliminaries

Biharmonic maps
) be a smooth map between Riemannian manifolds (M, g) and (M , g). The tension field of Ψ is given by τ (Ψ) = trace ∇dΨ, where ∇dΨ is the second fundamental form of Ψ defined by
is a section of the pull-back bundle Ψ −1 T M . Then a smooth map Ψ is said to be a harmonic map if its tension field vanishes. Also, it is well-known that Ψ is harmonic if and only if it is a critical point of the energy (integral) which is defined by
for all compact domains Ω ⊆ M . Here |dΨ| denotes the Hilbert-Schmidt norm of dΨ and v g is the volume form of g (see [14] ). For any compact domain Ω ⊆ M , the bienergy is defined by
Then a smooth map Ψ is called biharmonic if it is a critical point of the bienergy functional for any compact domain Ω ⊆ M. The first variation formula for the bienergy is ( [20] , [21] )
where v g is the volume element, w is the variational vector field associated to the variation {Ψ t } of Ψ and 
where ∇ Ψ is the pull-back connection on the pull-back bundle Ψ −1 T N and R is the Riemannian curvature operator of M . It is obvious from (2.1.2) that any harmonic map is biharmonic. Non-harmonic biharmonic maps are called proper biharmonic maps. When the target manifold is semiRiemannian manifold, the bienergy and bitension field can be defined in the same way.
Let Ψ : M → M be an isometric immersion. Then the pull-back bundle can be written by Ψ −1 T M = σM ⊕ νM, as an orthogonal decomposition of vector bundles. Here σM and νM denotes the tangent and normal bundles, respectively. dΨ can be used to identify T M with its image σM in the pull back bundle. Then we have
Therefore the second fundamental form of an isometric immersion Ψ : M → M is equal to the second fundamental form of the immersed submanifold Ψ(M ) in M (see [3] ). An isometric immersion is minimal if and only if it is harmonic. Hence, minimal submanifolds are automatically biharmonic. Then non-minimal biharmonic submanifolds are called proper biharmonic submanifolds.
Lorentzian Para-Sasakian manifolds
Let M be an (m + 1)-dimensional differentiable manifold equipped with a triple (ϕ, ξ, η), where ϕ is a (1, 1) tensor field, ξ is a vector field, η is a 1-form on M such that [24] η(ξ) = −1, (2.2.1)
where I denotes the identity map of T p M and ⊗ is the tensor product. The equations (2.2.1) and (2.2.2) imply that
Then M admits a Lorentzian metric g, i.e., g is a smooth symmetric tensor field of type (0, 2) such that at every point p ∈ M , the tensor g p :
and M is said to admit a Lorentzian almost paracontact structure (ϕ, ξ, η, g). Then we get
where ∇ is the covariant differentiation with respect to g. A non-zero vector
It is clear that the Lorentzian metric g makes ξ a timelike unit vector field, i.e, g(ξ, ξ) = −1. The manifold M equipped with a Lorentzian almost paracontact structure (ϕ, ξ, η, g) is called a Lorentzian almost paracontact manifold (for short LAP-manifold) [23] , [24] .
In equations (2.2.1) and (2.2.2) if we replace ξ by −ξ, we obtain an almost paracontact structure on M defined by Satō [35] .
A Lorentzian almost paracontact manifold M endowed with the structure (ϕ, ξ, η, g) is called a Lorentzian paracontact manifold (for short LPmanifold) [24] 
A Lorentzian almost paracontact manifold M endowed with the structure (ϕ, ξ, η, g) is called a Lorentzian para-Sasakian manifold (for short LPSasakian) [24] 
In an LP-Sasakian manifold the 1-form η is closed and (2.2.8)
Also, an LP-Sasakian manifold M is said to be η-Einstein if its Ricci tensor S satisfies
for any vector fields X, Y where a, b are functions on M . The Ricci tensor of an (m + 1)-dimensional η-Einstein LP-Sasakian manifold is given by [27] (2.2.10)
where r is the scalar curvature of the manifold.
In an (m + 1)-dimensional LP-Sasakian manifold M with the structure (ϕ, ξ, η, g), the following relations hold [11] , [24] : A semi-Riemannian hypersurface of a semi-Riemannian manifold is just a semi-Riemannian submanifold of codimension 1. It is well known that a Lorentzian manifold is a semi-Riemannian manifold with a symmetric nondegenerate (0, 2) tensor field, namely metric tensor, of index 1. Let M be a hypersurface of a Lorentzian manifold M . If the normal vector field of M is timelike (respectively, spacelike) then M is called a spacelike (respectively, timelike) hypersurface of M (see [29] ).
Let M be a hypersurface of an (m + 1)-dimensional LP-Sasakian manifold M . The Gauss and Weingarten formula formulae are given by 
where
Biharmonic spacelike hypersurfaces in LP-Sasakian manifolds
In this section we consider that the characteristic vector field of the LPSasakian manifold is the unit normal vector field of the hypersurface. Hence, we characterize the spacelike biharmonic hypersurfaces in a Lorentzian paraSasakian (LP-Sasakian) manifold. 
Note that the tension field of Ψ is τ (Ψ) = mHξ. Then the bitension field of Ψ : M → M is as follows:
Since M is a LP-Sasakian manifold then from (2.2.12), we have
By writing (3.3) in (3.2), we get
Now, to compute the tangential and normal parts of the bitenson field, it suffices to find only the normal and tangential parts of ∆ Ψ ξ : From (2.2.8) we have
By using (2.2.4) in (3.5), then the normal part of ∆ Ψ ξ is
The tangential part of ∆ Ψ ξ can be calculated by
Since S(ξ, e k ) = 0, (3.8) implies that
If we write (3.9) in (3.7), we get (
Finally by considering all these parts, we have the tangential and normal components of the bitension field as follows:
This completes the proof.
Example 3.1. Let M = R 3 be the 3-dimensional real number space with a coordinate system (x, y, z). We define
Then M is an LP-Sasakian manifold with an LP-Sasakian structure (ϕ, ξ, η, g). Let M be a surface of M defined by z = c where c > 0 is a constant and Ψ : M → M be the isometric immersion with Ψ(x, y) = (x, y, c). We can easily check that the induced metric is given by
One can also see that
constitute an orthonormal frame on M adapted to the surface M with ξ = −f 3 being unit normal vector field. Thus M becomes a spacelike surface of the LP-Sasakian manifold M . By a further computation we have the following Lie brackets
and the coefficients of Levi-Civita connection
Since ξ = −f 3 is the unit normal vector field we can compute the components of the second fundamental form as
where H is the mean curvature of the isometric immersion Ψ. Hence, the upper half space with the LP-Sasakian structure (ϕ, ξ, η, g) is foliated by minimal so biharmonic planes z = c.
Corollary 3.1. A spacelike hypersurface of an LP-Sasakian manifold with a harmonic mean curvature is biharmonic if and only if it is minimal.
From Corollary 3.1. it is obvious that biharmonic spacelike hypersurfaces of LP-Sasakian manifolds with a constant mean curvature are minimal. 
On the other hand by using (3.12), we get
Since M is a biharmonic spacelike hypersurface of M , from (3.1), (3.12) and (3.13), we obtain ∆λ − 2mλ = 0, (2 + m)gradλ 2 = 0, which completes the proof.
Biharmonic timelike hypersurfaces in LP-Sasakian manifolds
Let (M , ϕ, ξ, η, g) be an (m + 1)-dimensional LP-Sasakian manifold and M be a hypersurface of M . Assume that the characteristic vector field of M belongs to the tangent hyperplane of the hypersurface M and N is the unit normal vector field of the manifold. Since N is spacelike then M becomes timelike hypersurface of M .
We note that the tension field of the isometric immersion Ψ : M → M is τ (Ψ) = mµ, where µ = HN is the mean curvature vector field with the mean curvature function H. 
where ∇ denotes the Levi-Civita connection on M , R is the Riemannian curvature tensor of M and ∇ Ψ is the pull-back connection. Now we shall compute the tangential and normal components of the ∆ Ψ N and the curvature term, respectively:
The tangential part of ∆ Ψ N can be calculated by 
which implies that
By using (4.5) in (4.3), we obtain
By straightforward computations, the normal part of the ∆ Ψ N is
On the other hand, since
then the tangential and normal components of the first curvature term in (4.2) are equal to (Q(N )) and −S(N, N ) + 1, respectively. Also, from (2.2.14) we have
Finally, by reorganizing all the tangent and normal parts of the bitension field, we get
This completes the proof. 
In particular, if M has a nonpositive Ricci curvature, a timelike hypersurface of with constant mean curvature is biharmonic if and only if it is minimal.
Example 4.1. Let M = R 3 be the 3-dimensional real number space with a coordinate system (x, y, z) and a LP-Sasakian structure (ϕ, ξ, η, g) given in the Example 3.1. Assume that M is a surface of M defined by x = f (y). We can easily see that {
} constitute an orthonormal frame on M and
is the unit normal vector field of M. Since f 2 = −ξ then M becomes a timelike surface of the LP-Sasakian manifold M . By further computations we have
From (4.12) one can easily see that
∂ ∂z
∂ ∂y
Thus we have
Also one can easily see that ∇ f 2 f 2 = 0. Since N is the unit normal vector field of M we can compute the components of the second fundamental form as
From (4.13) and (4.14) we obtain On the other hand (4.19) (Q(N )) = 0.
By using (4.18) and (4.19) in (4.1), we obtain the assertion of the theorem. On the other hand, by straightforward calculations one can easily see that Since M is biharmonic and m > 1 then by solving (4.26) we obtain λ = 0, hence H = 0.
